Bilocal *-automorphisms of B(H) satisfying the 3-local property by Essaleh, Ahlem Ben Ali et al.
ar
X
iv
:1
41
2.
19
18
v1
  [
ma
th.
OA
]  
5 D
ec
 20
14
BILOCAL
∗
-AUTOMORPHISMS OF B(H) SATISFYING THE
3-LOCAL PROPERTY
AHLEM BEN ALI ESSALEH, MOHSEN NIAZI, AND ANTONIO M. PERALTA
Abstract. We prove that, for a complex Hilbert space H with dimen-
sion bigger or equal than three, every linear mapping T : B(H) → B(H)
satisfying the 3-local property is a ∗-monomorphism, that is, every lin-
ear mapping T : B(H) → B(H) satisfying that for every a in B(H) and
every ξ, η in H , there exists a ∗-automorphism pia,ξ,η : B(H) → B(H),
depending on a, ξ, and η, such that
T (a)(ξ) = pia,ξ,η(a)(ξ), and T (a)(η) = pia,ξ,η(a)(η),
is a ∗-monomorphism. This solves a question posed by L. Molna´r in
[Arch. Math. 102, 83-89 (2014)].
1. Introduction and preliminaries
In a recent contribution (cf. [11]), L. Molna´r devotes a note to release
and develop the notion of bilocal ∗-automorphisms on B(H), a notion which
was inspired by the concept of bilocal derivations due to Xiong and Zhu (see
[15]). According to [11], a linear mapping T : B(H)→ B(H) is said to be a
bilocal ∗-automorphism if for every a in B(H) and every ξ in H, there exists
a ∗-automorphism pia,ξ : B(H) → B(H), depending on a and ξ, such that
T (a)(ξ) = pia,ξ(a)(ξ).
We recall that a linear mapping T on a C∗-algebra A is said to be a
local ∗-automorphism if for every a in A, there exists a ∗-automorphism
pia : A→ A, depending on a, such that T (a) = pia,ξ(a) (compare [9] and [3]).
Clearly, every local ∗-automorphism on B(H) is a bilocal ∗-automorphism.
The most significant results established by Molna´r in [11] can be subsumed
in the following:
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Theorem 1.1. [11, Theorem 1] Let H be an infinite dimensional and sepa-
rable complex Hilbert space. For a linear transformation T : B(H)→ B(H)
the following two assertions are equivalent:
(a) T is a bilocal ∗-automorphism, that is, for every a ∈ B(H) and ξ ∈ H,
there exists an algebra ∗-automorphism pia,ξ of B(H) such that T (a)(ξ) =
pia,ξ(a)(ξ);
(b) T is a unital algebra ∗-endomorphism of B(H).
Moreover, if H is finite-dimensional, then (a) holds if and only if T is either
an algebra ∗-automorphism or an algebra ∗-anti-automorphism of B(H). 
We know that the linear bijection T :M2(C)→M2(C), T (a) = a
t, where
at denotes the transpose of a, is a local ∗-automorphism, and a Jordan ∗-
automorphism, but it is not multiplicative (compare [12, Example 3.14]).
So, the conclusion of the above Theorem cannot be improved easily.
Bilocal ∗-automorphisms can be englobed in a wider class of linear maps
which are called strong-local ∗-automorphisms (cf. [1]). Given a C∗-algebra
A, we denote by S(A) the set of all states on A (i.e. the set of all norm-
one, positive functionals in A∗). For each φ ∈ S(A), the assignment a 7→
‖|a|‖φ = φ(a
∗a)
1
2 , defines a pre-Hilbertian seminorm on A. A linear mapping
T : A → A is called a strong-local ∗-automorphism if for every a ∈ A,
and every state φ ∈ S(A), there exists a ∗-automorphism pia,φ : A → A,
depending on a and φ, such that
‖|T (a)− pia,φ(a)|‖φ = 0.
With a little abuse of notation, when in the above definition, A is a von
Neumann algebra M and the set S(A) of states of A is replaced with the
set Sn(M) of all normal states on M , we also employ the term strong-local
∗-automorphism on M (cf. [1]).
There exists another interesting subclass of the class of strong-local ∗-
automorphisms defined as follows: LetM be von Neumann algebra. A linear
mapping T : M → M is said to be an extreme-strong-local ∗-automorphism
if for every a ∈M , and every pure normal state φ ∈ ∂e(Sn(M)), there exists
a ∗-automorphism pia,φ : M →M, depending on a and φ, such that
‖|T (a)− pia,φ(a)|‖φ = 0,
(compare [1]).
It is shown in [1] that bilocal ∗-automorphisms and extreme-strong-local
∗-automorphisms on B(H) define the same applications.
Theorem 4.3 in [1] established that every extreme-strong-local ∗-auto-
morphism on an atomic von Neumann algebra is a Jordan ∗-homomorphism.
The conclusion of this result is no longer true for general von Neumann
algebras, even nor for von Neumann algebras which are bidual Banach spaces
(compare [1, comments preceding Theorem 4.3]).
In an attempt to find additional hypothesis to determine when a bilocal ∗-
automorphism is a ∗-homomorphism (i.e. multiplicative), Molna´r introduced
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in [11, Corollary 2] the following “3-local property”: a linear mapping T :
B(H)→ B(H) satisfies the 3-local property if for every a in B(H) and every
ξ, η in H, there exists a ∗-automorphism pia,ξ,η : B(H) → B(H), depending
on a, ξ, and η such that
T (a)(ξ) = pia,ξ,η(a)(ξ), and T (a)(η) = pia,ξ,η(a)(η).
Clearly every linear mapping with the 3-local property also is a bilocal ∗-
automorphism or a extreme-strong-local ∗-automorphism.
Corollary 2 in [11] asserts that, for an infinite dimensional separable com-
plex Hilbert space H, every linear mapping T : B(H) → B(H) satisfying
the 3-local property is a ∗-homomorphism. The problem whether, in [11,
Corollary 2], the same conclusion remains or not true when H is finite di-
mensional or infinite dimensional and non-separable, was left as an open
problem by Molna´r (cf. [11, pages 87-88]). It was already noticed in [11],
and in this introduction, that the linear bijection T : M2(C) → M2(C),
T (a) = at is a local ∗-automorphism which is not multiplicative (compare
[12, Example 3.14]), so the result is not true for when H is 2-dimensional.
In this paper we provide a complete positive answer to the above question
for any complex Hilbert space H with dimension bigger or equal than three
(see Theorem 2.2). The proof is based in an independent result which shows
that for every complex Hilbert space H with dim(H) ≥ 3, we can always
find an operator a ∈ B(H) which is not bilocally unitarily equivalent to its
transpose, that is there exist ξ0 and η0 in H satisfying
‖at0(η0)− ua0u
∗(η0)‖+ ‖a
t
0(ξ0)− ua0u
∗(ξ0)‖ 6= 0,
for every unitary u ∈ B(H) (cf. 2.1).
2. 2-local unitarily equivalent matrices and operators
Let B(H) denote the C∗-algebra of all bounded linear operators on an
arbitrary complex Hilbert space H. Following standard notation, we shall
say that an operator a in B(H) is unitarily equivalent to its transpose, at,
when there exists a unitary u ∈ B(H) satisfying a = uatu∗. Originated
by a question of P.R. Halmos, who asked in [6, Proposition 159] whether
every square complex matrix is unitarily equivalent to its transpose, a ques-
tion completely solved by W. Specht [13], the study of matrices which are
unitarily equivalent to their transposes attracted the attention of many re-
searchers. We refer to the papers [5, 7] as good recent references on results
about matrices which are unitarily equivalent to their transposes.
We are interested in a priori weaker property: the operator a is bilocally
unitarily equivalent to its transpose when for every ξ, η ∈ H, there exists a
unitary uξ,η ∈ B(H), depending on ξ and η, such that
a(ξ) = uξ,ηa
tu∗ξ,η(ξ), and a(η) = uξ,ηa
tu∗ξ,η(η).
Our first Theorem shows the existence of operators which are not bilocally
unitarily equivalent to their transposes.
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Theorem 2.1. Let H be a complex Hilbert space with dim(H) ≥ 3. Then
there exists a ∈ B(H) which is not bilocally unitarily equivalent to its trans-
pose. Furthermore, suppose K is a closed subspace of H with dim(K) ≥ 3,
and let p denote the orthogonal projection of H onto K. Then there exists
a ∈ B(H) with a = pap, which is not bilocally unitarily equivalent to its
transpose in B(H).
Proof. Let us take an orthonormal basis {ξ1, ξ2, ξ3} ∪ {ξj}j∈J of H. We
observe that J can be an empty, a finite or an infinite set. We consider
the operator a = ξ1 ⊗ ξ2 + 2ξ2 ⊗ ξ3 ∈ B(H). We shall prove that a is not
bilocally unitarily equivalent to its transpose. Suppose, on the contrary,
that a is bilocally unitarily equivalent to its transpose. By assumptions, for
each η ∈ H there exists a unitary uξ3,η ∈ B(H) satisfying
0 = uξ3,ηa
t(ξ3) = auξ3,η(ξ3),
which implies that uξ3,η(ξ3) ∈ ker(a) = {ξ2, ξ3}
⊥. This shows that
(1) 〈uξ3,η(ξ3)/ξi〉 = 0,
for every i = 2, 3, and η ∈ H.
By assumptions, there is a unitary uξ3,ξ2 ∈ B(H) satisfying
uξ3,ξ2a
t(ξ3) = auξ3,ξ2(ξ3),
and
uξ3,ξ2a
t(ξ2) = auξ3,ξ2(ξ2).
Since 2uξ3,ξ2(ξ3) = uξ3,ξ2a
t(ξ2) = auξ3,ξ2(ξ2) ∈ a(H) = Cξ1⊕Cξ2, we deduce
that
2uξ3,ξ2(ξ3) = µ1ξ1 + µ2ξ2,
where |µ1|
2 + |µ2|
2 = 4, because uξ3,ξ2 is a unitary. It follows from (1) that
2uξ3,ξ2(ξ3) = µ1ξ1 with |µ1| = 2.
On the other hand
uξ3,ξ2(ξ2) = λ1ξ1 + λ2ξ2 + λ3ξ3 +
∑
j∈J
λjξj ,
where the family (λj)j∈J is sumable and
∑
j∈J
|λj |
2+ |λ1|
2+ |λ2|
2+ |λ3|
2 = 1,
because uξ3,ξ2 is a unitary. Therefore
µ1ξ1 = 2uξ3,ξ2(ξ3) = auξ3,ξ2(ξ2) = λ2ξ1 + 2λ3ξ2,
and hence λ3 = 0, and µ1ξ1 = λ2ξ1, which is impossible because 2 = |µ1| =
|λ2| ≤ 1. 
We can state now a result which provides a complete solution to the
question posed by Molna´r in [11, pages 87-88].
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Theorem 2.2. Let H be a complex Hilbert space with dim(H) ≥ 3. Let
T : B(H) → B(H) be a linear mapping satisfying the 3-local property, that
is, for every ξ, η ∈ H, and every a ∈ B(H), there exists a ∗-automorphism
piξ,η,a : B(H)→ B(H) satisfying
T (a)(ξ) = piξ,η,a(a)(ξ), and, T (a)(η) = piξ,η,a(a)(η),
equivalently (compare [10, Theorem A.8]), for every ξ, η ∈ H, and every
a ∈ B(H), there exists a unitary uξ,η,a in B(H) satisfying
T (a)(ξ) = uξ,η,aau
∗
ξ,η,a(ξ), and T (a)(η) = uξ,η,aau
∗
ξ,η,a(η).
Then T is a ∗-monomorphism.
Before proving the above theorem we state a technical result borrowed
from [11, Proof of Corollary 1], the proof is included here for completeness
reasons.
Lemma 2.3. Let T : B(H) → B(H) be a linear mapping satisfying the 3-
local property, where H is a complex Hilbert space. Then T maps rank-one
operators to rank-one operators.
Proof. Let a be a rank-one operator in B(H). Given ξ, η in H, there exists
a unitary uξ,η,a in B(H) satisfying
T (a)(ξ) = uξ,η,aau
∗
ξ,η,a(ξ), and T (a)(η) = uξ,η,aau
∗
ξ,η,a(η).
This implies that T (a)(ξ) and T (a)(η) are linearly dependent for every ξ
and η in H, which concludes the proof. 
Proof of Theorem 2.2. According to the terminology in [1], every mapping T
in the hypothesis of this Theorem is a extreme-strong-local ∗-automorphism
on B(H). Theorem 4.3 in [1] implies that T is a (continuous) Jordan ∗-
homomorphism on B(H). A remarkable result of E. Størmer, assures that
T is a ∗-homomorphism or a ∗-anti-homomorphism (cf. [14], see also [8,
Theorem 10], [2], and [10, Appendix]).
We note that every extreme-strong-local ∗-automorphism on an atomic
von Neumann algebra is unital, and hence non-zero. Since T is a Jordan ∗-
homomorphism, its kernel, ker(T ), is a norm closed Jordan ∗-ideal of B(H).
Theorem 5.3 in [4] assures that ker(T ) is a closed (associative) ideal of B(H).
Since B(H) is a factor and T is non-zero, we deduce that ker(T ) = {0}, and
hence T is a Jordan ∗-monomorphism.
Suppose now that H is finite dimensional. The arguments above show
that T is a Jordan ∗-automorphism, and hence a ∗-automorphism or a ∗-anti-
automorphism. Furthermore, by [10, Theorem A.8], there exists a unitary
u0 ∈ B(H) satisfying
T (a) = u0au
∗
0, or T (a) = u0a
tu∗0,
for every a ∈ B(H). Suppose that T (a) = u0a
tu∗0, for every a ∈ B(H).
Theorem 2.1 implies the existence of an operator a0 ∈ B(H) such that a
t
0 is
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not bilocally unitarily equivalent to a0, that is, there exist ξ0 and η0 in H
satisfying
(2) ‖at0(η0)− ua0u
∗(η0)‖+ ‖a
t
0(ξ0)− ua0u
∗(ξ0)‖ 6= 0,
for every unitary u ∈ B(H). Let us define ξ˜0 = u0(ξ0) and η˜0 = u0(η0) in
H. It follows from (2) that
‖T (a0)(η˜0)− u0ua0u
∗u∗0(η˜0)‖+ ‖T (a0)(ξ˜0)− u0ua0u
∗u∗0(ξ˜0)‖
= ‖u0a
t
0u
∗
0(η˜0)− u0ua0u
∗u∗0(η˜0)‖+ ‖u0a
t
0u
∗
0(ξ˜0)− u0ua0u
∗u∗0(ξ˜0)‖
= ‖u0a
t
0(η0)− u0ua0u
∗(η0)‖+ ‖u0a
t
0(ξ0)− u0ua0u
∗(ξ0)‖
= ‖at0(η0)− ua0u
∗(η0)‖+ ‖a
t
0(ξ0)− ua0u
∗(ξ0)‖ 6= 0,
for every unitary u ∈ B(H), which contradicts that T satisfies the 3-local
property at the point a0. Therefore, T is a
∗-automorphism.
We finally assume that H is infinite dimensional (non-necessarily sepa-
rable) and T is a Jordan ∗-monomorphism satisfying the 3-local property.
We have already commented, in the first paragraph, that T is either a ∗-
homomorphism or a ∗-anti-homomorphism. Arguing by contradiction, we
suppose that T is a ∗-anti-homomorphism.
Let p1, . . ., pn be mutually orthogonal minimal projections in B(H) with
n ≥ 3. Clearly, T (p1), . . . , T (pn) are mutually orthogonal minimal projec-
tions in B(H) (compare Lemma 2.3). Let p =
∑
j
pj. Since T is a
∗-anti-
monomorphism, it maps pB(H)p ≡ Mn(C) into T (p)B(H)T (p) ≡ Mn(C)
and T |
pB(H)p
: pB(H)p→ T (p)B(H)T (p) is a ∗-anti-monomorphism. In this
case, pj = ζj ⊗ ζj and T (pj) = κj ⊗ κj , where {ζ1, . . . , ζn} and {κ1, . . . , κn}
are orthonormal systems in H. Let us take a unitary u0 ∈ B(H) mapping
each ζj to κj .
The mapping
u∗0T |pB(H)pu0 : pB(H)p→ pB(H)p ≡Mn(C)
also is a ∗-anti-monomorphism. We deduce from [10, Theorem A.8], that
there exists a unitary v˜0 : p(H)→ p(H) such that
u∗0T (x)u0 = v˜
∗
0x
tv˜0,
for every x ∈ pB(H)p ≡ B(p(H)). We can find a unitary v0 ∈ B(H) satis-
fying v0|p(H) = v˜0, and hence
(3) u∗0T (x)u0 = v
∗
0x
tv0, or equivalently, T (x) = u0v
∗
0x
tv0u
∗
0,
for every x ∈ pB(H)p ≡ B(p(H)). Applying the second statement in Theo-
rem 2.1, we find an element a0 ∈ B(H) with a0 = pa0p, which is not bilocally
unitarily equivalent to its transpose in B(H), that is, there exist ξ0 and η0
in H satisfying
‖at0(η0)− ua0u
∗(η0)‖+ ‖a
t
0(ξ0)− ua0u
∗(ξ0)‖ 6= 0,
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for every unitary u ∈ B(H), a result that, by (3), contradicts the 3-local
property of T , because a0 ∈ pB(H)p. 
It should be remarked here that Theorem 2.2 also completes the conclu-
sions in [1, §4].
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